In this paper we establish that the well-known Arithmetic System is consistent in the traditional sense. The proof is done within this Arithmetic System.
Introduction and Overview
The problem of consistency of the Arithmetic System, is the well-known problem (see [1] , [3] , [4] , [5] , [7] , [8] , [9] , [12] , [14] , [15] , [16] , [17] , [19] , [20] , [22] , [23] , [24] , [25] , [26] , [27] , [28] , [29] , [30] , [31] , [32] , [33] , [34] , [35] , [37] , [38] , [39] , [41] , [42] , [43] , [46] , [47] , [48] , [49] , [50] , [51] , [52] , [55] , [56] , [57] , [58] , [59] , [60] , [61] , [63] , [64] , [65] , [66] , [67] , [68] , [69] , [70] , [71] , [73] , [74] , [75] , [76] , [78] , [79] , [80] ). In this paper we give the elementary proof of the consistency of the Arithmetic System. This result was included in the talk, presented under the similar title, at "Logic Colloquium 2009" in Sofia (Bulgaria), [59] . The abstract of this talk has been published in "The Bulletin of Symbolic Logic", [60] .
Terminology
Let: →,~, ∨, ∧, ≡ denote the connectives of implication, negation, disjunction, conjunction and equivalence, respectively. = {1,2, … } denotes the set of all natural numbers.
Next 0 = � 1 1 , 2 1 , … , 1 2 , 2 2 , … , 1 , 2 , … � ( ∈ ) denotes the set of all propositional variables. Hence, 0 is the set of all well-formed formulas, which are built in the usual manner from propositional
The analogons of Definition 1.1., Definition 1.2., Theorem 2.1., Theorem 2.2., Theorem 2.4. and Theorem 2.5., are the following (where ⊆ and ⊆ ):
where 1 2 ⊆ 2 (see [11] , [16] , [34] , [45] , [50] , [65] ).
Next, we assume that
Next, we define the sets 1 1 and
, as follows:
Proof. Let
where
Hence, it follows that
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From (12) , by Theorem 3.6., one can obtain that
Hence, from (1), (8), (9), (11), ( 5 ), ( 6 ), ( 8 ), ( 11 ), ( 12 ) and Theorem 3.5., it follows that
Hence and from ( 12 ), it follows that
From (14), (15) and ( 1 ), it follows that
where 00
Proof. Suppose to the contrary that
From (2) - (6), it follows that
From (10) and ( 11 ), it follows that
Hence, from (8), it follows that
Hence, from (7) -(11), it follows that (14) ~7 ∉ 0 .
From (1), (7) - (11), ( 5 ), ( 6 ), ( 11 ), ( 12 ) and Theorem 3.5., it follows that
From (15), ( 5 ), it follows that
�.
Hence, from (15), it follows that
where (18) 6 = 0 → ( 7 → 1 ).
Hence, from (15), ( 11 ), it follows that
Hence, from (10), it follows that
Hence, from (10) and (19) , it follows that
what contradicts with (14) . □ 
Hence, by Theorem 3.5., it follows that
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, where
Contradiction □ Now,
where , as follows:
Thus,
Proof. From ( 14 ), ( 15 ), ( 16 ) 
Proof. Let 
From (2) - (5), it follows that
00
From (6) - (9), it follows that
From (10) and by Theorem 3.6., one can obtain that
From ( 11 ), ( 14 ), ( 16 ), it follows that
From (1) - (12), ( 5 ), ( 6 ), ( 8 ), ( 14 ) - ( 17 ),
by Corollary 4.4., it follows that
Hence, from ( 12 ), it follows that
From (13), (14), and ( 1 ), it follows that
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From (14) and (15), it follows that
Hence,
Next, from ( 11 ), ( 14 ) and ( 16 ), it follows that (10) ( 0+ , 1 ) ⊆ ( 0+ , 1 1 ).
From (9) and ( 11 ), it follows that
Hence, from (7), it follows that
Hence, from (6) - (9), it follows that (13) ~7 ∉ 1 .
From (6) - (9), ( 5 ), ( 6 ) − ( 8 ), ( 14 ) − ( 17 ), it follows that
From (1), (6) - (10), (14),
From (15) and ( 12 ), it follows that
From (15) and (16) 
